ABSTRACT. Let C 0 denote the set of all non-decreasing continuous functions f : (0, 1] → (0, 1] such that lim x→0 + f (x) = 0 and f (x) ≤ x for x ∈ (0, 1] and let A be a measurable subset of the plane. We define the notion of a density point of A with respect to f. This is a starting point to introduce the mapping D f defined on the family of all measurable subsets of the plane, which is so-called lower density. The mapping D f leads to the topology T f , analogously as for the density topology. The properties of the topologies T f are considered.
Let f ∈ C 0 and let A ⊂ R 2 be a measurable subset of the plane.
Ò Ø ÓÒ 1º
We will say that (0, 0) is a density point of A with respect to a function f if for each > 0 there exists δ > 0 such that for each h, k
Obviously, the condition (1) is equivalent to the following inequality
where A = R 2 \ A.
We say that (x 0 , y 0 ) is a density point of A with respect to a function f if (0, 0) is a density point of A − (x 0 , y 0 ) = (x − x 0 , y − y 0 ) : (x, y) ∈ A with respect to f .
Obviously, if f (x) = x for x ∈ (0, 1], then the notion of a density point with respect to f coincides with the notion of the ordinary density point of a measurable subset of the plane.
Ì ÓÖ Ñ 2º Let f ∈ C 0 and let A be a measurable subset of the plane. The point (0, 0) is a density point of A with respect to f if and only if for each > 0 there exists n 0 ∈ N such that for all positive integers n, m greater than n 0 if
P r o o f. " =⇒ " Let be an arbitrary positive number. From our assumption, there exists δ > 0 such that for each h, k
. Let n, m be arbitrary positive integers greater than n 0 and suppose that
consequently, the inequality (1) holds which means that the condition (3) is fulfilled. If
the proof is analogous. " ⇐= " Let > 0. From our assumption, there exists n 0 ∈ N, n 0 ≥ 4/ such that for n, m ∈ N, n > n 0 , m > n 0 , if
and
Suppose that
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Obviously,
We will prove that
We have
.
From (4), (6), (5) and (7) we have
so, from our assumption,
Clearly, (m + 1)/m ≤ 2 and n 0 ≥ 4/ , so from (8) and (9),
If f (k) ≤ h ≤ k, the proof is analogous.
Let S denote the family of all measurable subsets of the plane. Let f ∈ C 0 and A ∈ S. D f (A) will denote the set of all points (x, y) ∈ R 2 which are the density points of A with respect to f .
The Lebesgue measure is invariant with respect to translation, so we may assume that (x, y) = (0, 0). There exists δ > 0 such that for each h, k
Let h, k ∈ (0, δ) be such two numbers that
follows from (10). In the other case (i.e., k < f(h)), let us put
Ò Ø ÓÒ 4º We will say that two functions f, g ∈ C 0 are equivalent if for
In this case, we will write f ∼ g. From the previous theorem it follows that f ∼ cf , for each f ∈ C 0 and c
of density points of A with respect to g coincides with the set of ordinary density points of A.
Let A ∈ S. Φ 0 (A) (Φ s (A)) will denote the set of ordinary (strong) density points of A. Obviously, for each function f ∈ C 0 and A ∈ S
Let A, B ∈ S. We write A ∼ B if and only if m 2 (A B) = 0 (where [S, Theorem 10.2, p. 129] ). Simultaneously,
has the following properties: for each

A, B ∈ S,
The conditions 2), 3) and 4) are obvious. 5) Clearly, A∩B ⊂ A and A∩B ⊂ B,
To prove the opposite inclusion, use the inequality
which holds for arbitrary interval I ⊂ R 2 .
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In fact, D f : S → S, because from the first condition of the latter theorem, it follows that D f (A) ∈ S for each A ∈ S.
Let T 0 and T s denote the ordinary density topology and the strong density topology on the plane, respectively. Put
From Theorem 5 it follows that the mapping D f is a lower density (see [LMZ] ). Using Proposition 6.37 in [LMZ] and (14), we obtain the following result:
Ì ÓÖ Ñ 6º The family T f is a topology on the plane, between ordinary and strong density topologies.
Observe that there exist functions f ∈ C 0 such that
Put
so (0, 0) ∈ Φ 0 (B) and B ∈ T 0 . On the other hand,
and B / ∈ T f . Essentially in the same way as in [O] , [Os] , [Sch] , [T] and [W] , one can obtain the following results (compare also [LMZ, Theorem 6.39] 
where B is a measurable kernel of A.
Remark 8º
If m 2 (A) = 0, then A is closed in the topology T f .
Remark 9º If
A ∈ S then A ∼ Int T f A and A ∼Ā T f .
Ì ÓÖ Ñ 10º
The following conditions are equivalent:
is a nowhere dense set in the topology T f , (c) A is a set of the first category in the topology
T f , (d) A d T f = ∅.
Ì ÓÖ Ñ 11º The following conditions are equivalent:
(a) A is measurable on the plane, 
The proof using Theorem 2 is analogous to the proof of Theorem 22.9 in [O] . From (17) we obtain
On the other hand,
P r o o f. It is sufficient to prove that
Let A ∈ f ∈C 0 T f and let (x 0 , y 0 ) ∈ A. We will prove that for arbitrary sequence
Let {P n } n∈N be an arbitrary sequence of such intervals. We can assume that (x 0 , y 0 ) = (0, 0) and all intervals P n , n ∈ N, are contained in (−1, 1) × (−1, 1). We divide the sequence {P n } n∈N into two subsequences {P 1 n } n∈N and {P 2 n } n∈N in the following way: in the first sequence there are all intervals
, for which h n > k n , and in the second sequence there are all the others. We will prove that
Let {P 3 n } n∈N be an arbitrary subsequence of {P
From the sequence {x n } n∈N we can choose the subsequence {x n k } k∈N tending decreasingly to zero, and then, from the sequence {y n k } k∈N we choose the subsequence {y n k l } l∈N tending decreasingly to zero. Put
From Urysohn condition we obtain (19). We can analogously deal with the sequence {P 2 n } n∈N obtaining the function g ∈ C 0 . Hence,
Consequently, we have (18), so (0, 0) ∈ Φ s (A) and A ∈ T s . The implication ( * ) =⇒ ( * * ) is obvious. Now, assume ( * * ) and let {d n } n∈N be an arbitrary decreasing sequence convergent to zero. Then there exists n 0 ∈ N such that for each n ≥ n 0 there exists
Let f ∈ C 0 . Due to the simplification, we use the intervals of the form
The next theorem gives some sufficient condition for which the implication (22) =⇒ (21) holds.
If the pair (f, g) fulfills the condition ( * ), then the conditions (21) and (22) are equivalent.
for x ∈ (0, 1] and the pair (f, g) fulfills ( * ). Suppose that (22) is fulfilled. We will prove that (21) also holds.
Let > 0 and let {c n } n∈N be an arbitrary decreasing sequence tending to zero. From ( * ) there exists n 0 ∈ N such that
Hence, there exists δ 1 > 0 such that if h ∈ (0, δ 1 ) and (a, b)
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We may assume that δ 1 ∈ M c n 0 . From (22) it follows that there exists δ 2 > 0 such that if ρ (x, y), (0, 0) < δ 2 and f (x) ≤ y ≤ x. Then
Since
We may assume that δ 2 / √ 2 ∈ M c n 0 .
Put δ = min δ 1 , δ 2 / √ 2 . We will prove that if x ∈ (0, δ) and g(x) ≤ y ≤ x, then
i.e., the condition (21) holds. There are two possibilities:
1 o x ∈ (0, δ) ∩ M c n 0 . Then, if f (x) ≤ y ≤ x, the inequality (25) follows from (23) (c n 0 < 1). Suppose that g(x) ≤ y < f(x). We have x ∈ M c n 0 , so g(x) ≥ c n 0 · f (x) and c n 0 f (x) ≤ y < f(x). Consequently, from (24) we obtain
2 o x ∈ (0, δ) ∩ M c n 0 . Obviously, M c n 0 is an open set, so there exists a component interval (a, b) of M c n 0 such that x ∈ (a, b). Then (a, x) ⊂ (0, δ 1 )∩M c n 0 and, consequently, (x − a)/x < /2. Clearly, a ∈ M c n 0 , so g(a) ≥ c n 0 · f (a). Simultaneously for t ∈ (a, x) we have g(t) < c n 0 · f (t), so, from the continuity of f and g, we obtain g(a) = c n 0 · f (a). 
Consequently, using (27), we have
because (a, x) ⊂ (0, δ 1 ) ∩ M c n 0 .
